
A Note on the Axiom of Choice

Wooyoung Chin∗

March 10, 2019

Abstract

The purpose of this note is to help you understand about the axiom
of choice and the statements equivalent to it, without having to take
a course on set theory and logic. We tried to deliver all the core ideas,
while postponing the most technical details to an actual course on set
theory and logic.
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1 The axiom of choice

1.1 The axiom of choice in various forms

There are several equivalent statements which are all called the axiom
of choice:

(i) If P is a collection of nonempty disjoint sets, then there exists a
set C, called a choice set of P, such that (a) C ⊂


A∈P A, and

(b) |C ∩A| = 1 for every A ∈ P.

∗Please send any comments and suggestions as well as corrections to my email.
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(ii) For any collection C of nonempty subsets of X, there exists a
function f : C → X, called a choice function such that f(A) ∈ A
for every A ∈ C.

(iii) For any indexed family {Xα}α∈A of nonempty sets (i.e. Xα ∕= ∅
for all α ∈ A), the cartesian product1


α∈A Xα is nonempty.

By saying that certain statements are equivalent, we mean that any one
of them can be deduced from another “easily”, without appealing to
some doubtful facts or tricks. To understand what we precisely mean
by saying that the above three statements are equivalent, you need to
know some set theory and logic.

The equivalence can be shown in the following way:

• (i) =⇒ (ii): Apply (i) to the set

P := {A× {A} : A ∈ C}

to obtain a choice set C. (Note the difference in font.) Now define
f : C → X by

f(A) := the first coordinate of the only element of C∩(A×{A}).

• (ii) =⇒ (iii): We need to show that there exists a function
f : A →


α∈A Xα such that f(α) ∈ Xα for each α ∈ A. Define

X :=


α∈A

Xα × {α}

(note that this is a disjoint union), and

C := {Xα × {α} : α ∈ A} .

Apply (ii) to obtain a function g : C → X such that g(Xα×{α}) ∈
Xα × {α} for each α ∈ A. Let h : X →


α∈A Xα be given by

h((xα,α)) = xα

for each α ∈ A and xα ∈ Xα. Now define f : A →


α∈A Xα by

f(α) := h(g(Xα × {α})).

• (iii) =⇒ (i): Label the sets in P as Xα,α ∈ A. Apply (iii) to
obtain a function f : A →


α∈A Xα such that f(α) ∈ Xα for

each α ∈ A. Now observe that the range of f , i.e. f(A), is a
choice set of P.

1The (possibly infinite) cartesian product is defined by



α∈A

Xα :=


f : A →



α∈A

Xα : f(α) ∈ Xα for each α ∈ A


.
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Exercise 1. Show that (i) is equivalent to

(iv) If f : X → Y is surjective, then there is a g : Y → X
such that f ◦ g = idY .

Any of the above statement is called the axiom of choice, and is
often abbreviated as AC. Let us make a note on the validity of AC here.
It is known that neither AC nor the negation of AC (i.e. the statement
saying that AC is false) can be proved from other basic principles of
mathematics. (To understand what this really means, you should know
some set theory and logic.) Thus we should decide whether AC should
be true or false (or we may do neither, and try not to think about AC
anymore in mathematics), as opposed to proving AC or the negation
of AC.

At the first sight AC might look like a statement that must hold
for sure. However, there had been quite a lot of debate on whether we
should accept AC (i.e. declare that AC is true, and use AC freely) or
not. What’s the deal with this seemingly obvious statement?

One problem is that AC guarantees an existence of a certain object
(For instance, in (i), the existence of a choice set is guaranteed.), but
sometimes no one can actually find such an object. We will give an
example of an object whose existence is guaranteed by AC but is im-
possible to find later in this note. (But we will not be able to actually
prove that it is impossible to find in the scope of this note.)

Another reason why AC has received so much objection was that
AC implies the existence of certain very counterintuitive objects. Per-
haps the most popular instance of this would be the Banach2-Tarski3

paradox. (Although its name has “paradox” in it, it causes no logical
paradoxes at all; it is a well-proven theorem.) It says that we can par-
tition the unit ball in R3 into five pieces, rotate and translate each of
them (The pieces can pass through each other.), and then reassemble
them, to form two copies of the unit ball!

One might say this is impossible since this would double the total
volume (or mass), while the process we have undergone must preserve
the volume. However, that argument will only prove that it is impossi-
ble to assign a volume to every set, in such a way that all the properties
we expect for a concept of volume to satisfy. (For example, we want
the volume of A ∪ B, where A and B are disjoint sets, to be the sum
of the volumes of A and B.)

In spite of these problems that AC induces, most mathematicians
ended up chosing to accept AC. Perhaps the biggest reason would be
that AC is so useful and strong that we have to give up so many
interesting mathematics (and our jobs) without it. In later sections,

2Pronounced ["banax], or BAH-nakh.
3Pronounced ["tarski], or TAHR-ski.
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we will introduce some very useful consequences of AC, which people
love so much that they cannot give up AC. One final note should be
made: although we decided to accept AC, people are apt to avoid AC
whenever it is possible due to its philosophical consequences.

1.2 How the axiom of choice is hidden

There are definitely some instances where AC is explicitly referenced
in a proof as a main tool. One such example is Tychonoff’s45 theorem
in general topology. However, there are much more cases where we
use AC implicitly. To show how AC works in the background, let us
demonstrate a proof which uses AC implicitly:

Proposition 1. If A1, A2, · · · are pairwise disjoint countable6 sets,
then their union


n∈N An is also countable.

Proof. For each n ∈ N, there is an injection fn : An → N. Define
h :


n∈N An → N×N by

h(x) := (fn(x), n), where x ∈ An.

Since An’s are disjoint, h is well-defined. If x ∈ An and y ∈ Am where
n ∕= m, then

h(x) = (fn(x), n) ∕= (fm(x),m) = h(y).

If x, y ∈ An and x ∕= y, then we have h(x) ∕= h(y) since fn is injective.
Thus h is injective. As there is an injection N×N → N, we conclude
that there is an injection


n∈N An → N.

Just to make things clear, let us tell you that the existence of an
injection N × N → N does not require AC. Indeed, it is the process
of fixing an injection fn : An → N for each n ∈ N, thus “choosing”
something for infinitely many times, that requires AC. The exact rea-
son why this required AC might be out of scope of this note, but let
us try our best to explain it.

If there were only finitely many sets A1, A2, · · · , Ak that were given,
then we would have been able to write the proof in a more formal way
as follows:

• For any injection f1 : A1 → N, · · · , fk : Ak → N (whether or not
they exist), we can construct an injection h : A1 ∪ · · · ∪Ak → N
in terms of f1, · · · , fk.

4Pronounced ["tjix@n@f], or TEE-kho-nof.
5A more accurate transcription of this name would be ‘Tikhonov’. However, we tran-

scribe it as ‘Tychonoff’, because he originally published his results in German.
6A set A is said to be countable if there exists an injection A → N.
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• There exist injections f1 : A1 → N, · · · , fk : Ak → N.

• From above two facts, we conclude that there is an injection
h : A1 ∪ · · · ∪Ak → N.

However, when we have infinitely many sets, we cannot list all the
functions as we did in the finite case. This is essentially because our
language is finite. Thus now we should employ a mathematical lan-
guage to express infinitely many objects in our finite language. For
example, we might write the formal proof as:

• For each n ∈ N, let In denote the set of all injections An → N.
For any function F ∈


n∈N In (whether or not there is one), we

can construct an injection h :


n∈N An → N in terms of F .

• There exists a function F ∈


n∈N In; that is,


n∈N In is nonempty.

• From above two facts we conclude that there is an injection h :
n∈N An → N.

Did you notice? The second step is actually the version (iii) of AC! As
in this case, AC is often used for bookkeeping infinitely many objects
and referring them as a whole within the constraints of our finite lan-
guage. Just in case you are wondering if we somehow conjured AC out
of nowhere, even it is not needed: it turns out that in order to prove
Proposition 1, we have to use AC at some point or another.

Exercise 2. Show that if A1, A2, · · · , are countable sets, then their
union


n∈N An is also countable. Note that here we don’t assume

that the given sets are disjoint. [Hint: Consider the sets Bn := An −n−1
k=1 Ak


.]

2 Well-ordered sets

One of the most important applications of AC has to do with well-
ordered sets.

Definition 2. A well-order on a set X is a total order ≤ on X with
the property that any nonempty subset of X has a least element with
respect to ≤. In this case, the pair (W,≤) is called a well-ordered set.

Example 3. (i) Any finite totally ordered set is well-ordered. To
show this, suppose that some finite nonempty totally ordered set
A has no least element. Choose an element a1 ∈ A. As a1 is not
minimal, we can chose an a2 ∈ A such that a2 < a1. As a2 is
not minimal, we can again chose an a3 < a2. By repeating this,
we obtain a list of infinitely many distinct elements of A. This
contradicts the assumption that A is finite.
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(ii) Perhaps the most important example of a well-ordered set is the
set of natural numbers, N, with the usual order. The fact that
N is well-ordered is the well-ordering principle.

(iii) The sets Z, Q, and R with the usual order are not well-ordered.

(iv) Any subset of a well-ordered set, with the inherited order, is again
a well-ordered set.

(v) If we adjoin a new element to a well-ordered set, and declare
that the new element is greater than any other element, then we
obtain a new well-ordered set. For example, the set N ∪ {∞},
where n < ∞ for every n ∈ N, and the order among natural
numbers is given as usual, is well-ordered.

(vi) More generally, if (W1,≤1) and (W2,≤2) are disjoint well-ordered
sets (i.e. W1∩W2 = ∅), then by declaring that any element of W2

is greater than any element of W1 we make W1∪W2 well-ordered.
More precisely, we define an order ≤ on W1 ∪W2 by

x ≤ y if and only if either






x, y ∈ W1 and x ≤1 y,
x, y ∈ W2 and x ≤2 y, or
x ∈ W1 and y ∈ W2.

(vii) Let (W1,≤1) and (W2,≤2) be well-ordered sets. Define an order
≤ on W1 ×W2 by

(x1, x2) ≤ (y1, y2) if and only if either


x1 <1 y1 or
x1 = y1 and x2 ≤2 y2.

The order ≤ is called the lexicographical order, or the dictionary
order on W1 ×W2.

Exercise 3. Show that the orders we defined in (v), (vi), and (vii) of
the preceding example are indeed well-orders.

One interesting property of well-ordered set is that although we can
climb up a well-ordered set in infinitely many steps, when we go down
the stairs we can only do so in finitely many steps. Precisely speaking,
we have:

Proposition 4. If (W,≤) is a well-ordered set, then there is no infinite
decreasing sequence α1 > α2 > α3 > · · · in W .

Proof. Suppose that there is a decreasing sequence α1 > α2 > · · · in
W . Since W is well-ordered, the set {α1,α2, · · ·} has a least element,
say, αn. However, this contradicts αn > αn+1.

Recall the strong principle of induction:

Theorem 5 (principle of induction). If A ⊂ N satisfies
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{m ∈ N : m < n} ⊂ A implies n ∈ A, for every n ∈ N,

then A = N.

Exercise 4. Show that the following three statements are equivalent:

(i) (well-ordering principle) The set of natural numbers N is well-
ordered under the usual order.

(ii) (strong induction principle) Theorem 5.

(iii) (weak induction principle) If A ⊂ N satisfies (a) 1 ∈ A, and (b)
n ∈ A implies n+ 1 ∈ A for each n ∈ N, then A = N.

Our interest in well-ordered sets mainly stems from the following
analogous theorem:

Theorem 6 (principle of transfinite induction). Let (W,≤) be a well-
ordered set. If A ⊂ W satisfies

{β ∈ W : β < α} ⊂ A implies α ∈ A, for every α ∈ W ,

then A = W .

Proof. Suppose A ⊊ W . Since W is well-ordered, the set W − A has
the least element, say α. By the minimality of α, we have β ∈ A
for all β < α. However, by the assumption this implies α ∈ A; a
contradiction.

Recall that the principle of induction allows us to prove a statement
about objects xn labeled by the natural numbers n ∈ N. The principle
of transfinite induction allows us to apply “induction” also for objects
xα, where the index set A containing the α’s might be much “bigger”
than N. In this regard, it would be useful if we have a well-order for
any given set. E. Zermelo7 says that we actually do so:

Theorem 7 (well-ordering theorem, Zermelo). For any set X there
exists a well-order on X.

Give yourself a little time and try to find a well-order on R (or
equivalently on P(N)) by yourself. You will quickly realize that this
statement is quite striking (or at least not so obvious). Actually, it is
known that one cannot find (or construct) a well-order on some sets
without sppealing to AC. The set of real numbers is one such example.
If so, how did people prove the Well-ordering theorem? It turns out
that this theorem is actually equivalent to AC. Let us prove the easy
direction here:

Proposition 8. The well-ordering theorem implies the axiom of choice.

7Pronounced [
>
tsEK"melo], or tsehr-MEH-loh.
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Proof. We will use the formulation (ii) of AC. Assume that a set X
and a collection C of nonempty subsets of X are given. The well-
ordering theorem implies that there is a well-order ≤ on X. Now
define f : C → X by

f(A) := the least element of A with respect to ≤.

We will discuss the other direction in the next section.

3 Statements equivalent to the axiom of
choice

The Axiom of Choice is obviously true, the
Well-ordering theorem is obviously false; and
who can tell about Zorns Lemma?

Jerry L. Bona

The axiom of choice, the well-ordering theorem, and Zorn’s lemma
are three equivalent statements, each of which has a significant role
in mathematics. Any known proof of their equivalence is much more
advanced than the proof of equivalence of the three forms of AC we
gave in the first section. Let us now introduce Zorn’s lemma, which is
named after M. A. Zorn8.

Theorem 9 (Zorn’s lemma9). Let (X,≤) be a partially ordered set.
If every totally ordered subset (or chain) of X has an upper bound,
then X has a maximal element.

Remark 10. By a totally ordered subset, or a chain, of X, we mean
a subset A ⊂ X such that for each x, y ∈ A we have either x ≤ y or
y ≤ x. By a maximal element of X, we mean an m ∈ X such that
there is no x ∈ X with m < x. Note that a maximal element may not
necessarily be a greatest element; there can be several incomparable
maximal elements.

Note that ∅ is trivially a chain of X. Since every chain has an upper
bound, there exists some x ∈ X such that x is greater than or equal to
each element of ∅. Although this statement seems vacuous, there’s one
thing we earned: we are now guaranteed that X has some element x,
thus being nonempty. Therefore we can view the condition of Zorn’s
lemma as containing the assumption that X is nonempty.

8Pronounced [
>
tsOKn], or TSORN.

9This statement is called a lemma for historical reasons, although it should really be
called a theorem.
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Zorn’s lemma doesn’t look so trivial, as depicted by the quote at
the beginning of this section. Our demonstration of the equivalence is
in three steps:

• We intuitively describe the reason why we have (AC) =⇒
(Zorn’s lemma). For more details, please consult a book on set
theory.

• We will prove (Zorn’s lemma) =⇒ (Well-ordering theorem)

• We already proved (Well-ordering theorem) =⇒ (AC) in Propo-
sition 8.

3.1 A proof sketch of (AC) =⇒ (Zorn’s lemma)

Consider the following restricted version of Zorn’s lemma:

Proposition 11 (Zorn’s lemma, finite version). Every nonempty finite
partially ordered set has a maximal element.

Note that the condition about chains and upper bounds are re-
moved; thus making the statement (at least seemingly) stronger.

Proof. Suppose that (X,≤) is a nonempty finite partially ordered set
with no maximal elements. Since X is nonempty, we can choose an
x1 ∈ X. As x1 is not maximal, we can choose an x2 ∈ X such that
x2 > x1. As x2 is not maximal, we can again choose an x3 > x2.
By repeating this, we obtain an infinite list x1 < x2 < x3 < · · · of
elements of X; a contradiction.

We actually used AC in this proof.10 (So this is another instance
of AC being hidden.) To see where AC is being used, we need to
formalize the above proof a little. In the above proof we were actually
using something called the principle of recursive definition:

Theorem 12 (principle of recursive definition). Let X be a set. If
a ∈ X, and for each n ∈ N, we are given a function fn : Xn → X,
then there exists a unique function g : N → X such that

• g(1) = a, and

• g(n+ 1) = fn(g(1), · · · , g(n)) for each n ∈ N.

Please take some time to see why this statement is so intuitive.
The proof, which we will omit here, is basically a repeated use of the
principle of induction.

Now assume that we are trying to rewrite the proof of Proposi-
tion 11 in terms of the principle of recursive definition. The sequence

10Depending on the interpretation of this proof, one can argue that this proof is not
using AC; the finite version of Zorn’s lemma can actually be proved without using AC.
However, for the purpose of demonstration, we will employ the most näıve interpretation.
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x1, x2, x3, . . . can be written as a function g : N → X, where we iden-
tify xn with g(n), for each n ∈ N. So the first part of the proof is about
defining g : N → X recursively. Now we ask: what should be the func-
tion fn : Xn → X? The function fn should satisfy the following prop-
erty: if x1 < · · · < xn ∈ X, then fn(x1, · · · , xn) ∈ X − {x1, · · · , xn}.
If we had a function h : P(X)−{∅} → X such that h(A) ∈ A for every
A ∈ P(X)− {∅}, then we would have been able to find such an fn by
letting

fn(x1, · · · , xn) :=


h(X − {x1, · · · , xn}) if {x1, · · · , xn} ⊊ X
c if {x1, · · · , xn} = X,

where c is any fixed element of X. If x1 < · · · < xn, then by the as-
sumption thatX has no maximal elements we would have {x1, · · · , xn} ⊊
X, and thus have

fn(x1, · · · , xn) ∈ X − {x1, · · · , xn} .

The punchline is that the function h : P(X)− {∅} → X described
above is exactly a choice function. That is, we are naturally led to use
choice functions when we formalize the proof of Proposition 11. This
is how AC is involved when we prove Zorn’s lemma.

Let us now turn to the proof of actual Zorn’s lemma. The proof
goes in the same way: we suppose for the sake of contradiction that
we have a partially ordered set (X,≤) whose every chain has an upper
bound, which has no maximal elements. By the Remark 10, we can
choose an x1 ∈ X. Since x1 is not maximal, we can find x2 > x1 in X.
Repeat this indefinitely to obtain a sequence

x1 < x2 < x3 < · · · .

Now we introduce a new argument. Since {x1, x2, x3, · · ·} is a chain,
it has an upper bound, say, xω. (Don’t worry too much about the
mysterious ω here. The subscripts we use here will not be of fun-
damental importance.) As xω cannot be a maximal element, we can
choose xω+1 > xω. Now repeat the familiar process to obtain

x1 < x2 < x3 < · · · < xω+1 < xω+2 < xω+3 < · · · .

Since this is again a chain, there is an upper bound, say, xω·2, and
again we can find xω·2+1 > xω·2. It should be clear then that we can
obtain

x1 < x2 < · · · < xω+1 < xω+2 < · · · < xω·2+1 < xω·2+2 < · · · .

After choosing xω·n+m for every n,m ∈ N, we can still proceed: since
{xω·n+m : n ∈ N ∪ {0} ,m ∈ N} is a chain11, we have an upper bound,

11Here we make a convention that ω · 0 +m is the same as m.
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say, xω·ω, and proceed again from there. This process will never stop,
and finally we will reach at the point where our chain has more elements
than X does. (This fact is called Hartogs’ lemma.) Of course, this is
just a sketch of the real, technical proof, and an interested reader
should consult a set theory book. Nonetheless, we hope this helped
the reader to feel more comfortable with Zorn’s lemma than before.

3.2 A proof of (Zorn’s lemma) =⇒ (Well-ordering
theorem)

Here we present a proof of the well-ordering theorem using Zorn’s
lemma. The way we use Zorn’s lemma here is stereotypical; you will
see many similar proofs in the future. We start with some definitions.

Definition 13. Let (A,≤A) and (B,≤B) be two well-ordered sets.

(i) For each a ∈ A, we define Aa := {x ∈ A : x <A a}.
(ii) We say that (A,≤A) is a section of (B,≤B) if there exists some

b ∈ B such that (a) A = Bb, and (b) x ≤A y ⇐⇒ x ≤B y for
each x, y ∈ A.

Let X be a given set. We want to show that there is a well-order
on X. Let

W := {(A,≤) : A ⊂ X and ≤ is a well-order on A} ,

define an order ≼ on W by

(A1,≤1) ≺ (A2,≤2) if and only if (A1,≤1) is a section of (A2,≤2).

Exercise 5. Show that ≼ is a partial order on W .

In order to apply Zorn’s lemma, we need to prove that every given
chain C of (W,≼) has an upper bound. Let B be the union of all sets
A ⊂ X such that (A,≤) ∈ C for some ≤. We define an order ≤B on B
by

x ≤B y ⇐⇒ there exists an (A,≤) ∈ C such that x, y ∈ A and x ≤ y.

We claim that (B,≤B) is an upper bound of C.

Exercise 6. Show that ≤B is a partial order on B.

Let x, y ∈ B be given. Say x ∈ A1 and y ∈ A2, where (A1,≤1

), (A2,≤2) ∈ C. Since C is a chain, we may assume that (A1,≤1) is a
section of (A2,≤2). Since x, y ∈ A2, we have either x ≤2 y or y ≤2 x.
Thus we must have either x ≤B y or y ≤B x; this shows that ≤B is a
total order.

To show that ≤B is a well-order, let C ⊂ B be nonempty. Choose
any x ∈ C, and say x ∈ A where (A,≤) ∈ C.
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Exercise 7. Assume that x ∈ A and (A,≤) ∈ C. Show that any y ∈ B
with y ≤B x is in A, and satisfies y ≤ x.

By Exercise 7, we have {y ∈ C : y ≤B x} ⊂ A. As A is well-
ordered, the set {y ∈ C : y ≤B x} has a least element, say, m with
respect to ≤. By the definition of ≤B , this implies that m is a least
element of {y ∈ C : y ≤B x} also with respect to ≤B , and therefore
that m is a least element of C. This finishes the proof that ≤B is
well-ordered; that is, (B,≤B) ∈ W .

It remains to show that (A,≤) ≼ (B,≤B) holds for every (A,≤) ∈
C. By the definition of B, we have A ⊂ B. If A = B, then we have
(A,≤) = (B,≤B), by the definition of ≤B . If A ⊊ B, take the least
element b of B − A. We claim that A = Bb. If there was an a ∈ A
with a >B b, then Exercise 7 would have implied b ∈ A. So we have
A ⊂ Bb, and therefore A = Bb by the minimality of b. Knowing that
A = Bb, it follows from the definition of ≤B that (A,≤) ≺ (B,≤B).

Since the conditions of Zorn’s lemma are met, W must have a
maximal element (M,≤M ). If M ⊊ X, then we can choose any x ∈
X − M and define a well-order on M ∪ {x} as we did in Example 3
(v). Since this would contradict the fact that (M,≤M ) is maximal in
W , we must have M = X. Therefore, ≤M is a well-order on X.

4 The least uncountable ordinal

In some area of mathematics, “the smallest uncountable well-ordered
sets” in the following sense has a special role:

Definition 14. A well-ordered set (W,≤) is said to have the least
uncountable ordinality if (a)W is uncountable, and (b) for each α ∈ W ,
the section Wα is countable.

Proposition 15. There exists a well-ordered set with the least un-
countable ordinality.

Proof. By the well-ordering theorem, there exists an uncountable well-
ordered set (W,≤). (In fact, the existence of an uncountable well-
ordered set can be shown without using AC.) If every section of W
is countable, then we are done. Otherwise, let α ∈ W be the least
element of W such that Wα is uncountable. Then Wα has the least
uncountable ordinality.

Most of the time, we only need the existence of a well-ordered set
with the least uncountable ordinality. However, it can be proved that
such a well-ordered set is unique in the following sense:

Proposition 16. If (W1,≤1) and (W2,≤2) are two well-ordered sets
with the least uncountable ordinality, then there exists an order iso-
morphism f : (W1,≤1) → (W2,≤2); that is, a bijection f : W1 → W2
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such that
α ≤ β if and only if f(α) ≤ f(β).

We omit the proof; if you are interested, please consult a book
on set theory. Since we have essentially one well-ordered set with the
least uncountable ordinality, we call them the least uncountable ordinal.
Although the traditional notation for the least uncountable ordinal is
ω1, some authors use the notation Ω or SΩ to denote it. Let us use SΩ

in this note.
The first, but very important observation about SΩ is that it has no

greatest element. If it had one, then the section of the greatest element
would have been uncountable. Let us finish this note by proving

Proposition 17. Any countable subset of SΩ is bounded above.

Remark 18. This is perhaps the most important and curious property
of SΩ. Observe that for R this does not hold, because N is countable
but has no upper bounds in R.

Proof. Let A be a given countable subset of SΩ. Since any count-
able union of countable sets is countable, the union


α∈A(SΩ)α is

countable. As SΩ is uncountable, we can choose the least element of
SΩ −


α∈A(SΩ)α and call it β. If there is an α ∈ A such that α > β,

then we would have β ∈ (SΩ)α, which contradicts the definition of β.
Thus we conclude that β is an upper bound of A.
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